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Clone theory is a subfield of universal algebra that focuses on the
study of clones, sets of operations on a fixed set that include all
projections and are closed under composition.

The set of all term operations of an algebra is a clone. In fact, every
clone arises in this way.

It is often seen in universal algebra that many properties of an algebra
do not depend so much on its fundamental operations but on its clone
of term operations.

Clonoids are a generalization of clones that allows functions from
powers of one set (or algebra) into another.

Minions (or minor-closed classes) are sets of functions that are
closed under formation of minors. This is a special case of clonoids.
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The terminology we use is quite modern.

@ The term “clone” was first used in the 1965 monograph of
P. M. Cohn, who attributed it to Philip Hall.

@ The term “clonoid” first appeared in a 2016 paper of E. Aichinger
and P. Mayr.

@ The term “minion” was coined and popularized by J. OprSal
around the year 2018.

These concepts have nevertheless appeared in the literature much
earlier under different names.

P. M. CoHN, Universal Algebra, Harper & Row, New York, NY, 1965.

E. AICHINGER, P. MAYR, Finitely generated equational classes, J. Pure Appl. Algebra 220 (2016)
2816-2827.

J. BULIN, A. KROKHIN, J. OPRSAL, Algebraic approach to promise constraint satisfaction, In:
Proceedings of the 51st Annual ACM SIGACT Symposium on the Theory of Computing (STOC
'19), June 23-26, 2019, Phoenix, AZ, USA, ACM, New York, NY, USA, pp. 602-613.
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Functions, operations, projections

A function (of several arguments) from A to B is a mapping
f: A" — Bfor some n € N, called the arity of f.

If A= B, then we speak of operations on A.
Notation: F\ := BA", Fag := Uper Fop
O = F) O := Faa
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Functions, operations, projections

A function (of several arguments) from A to B is a mapping
f: A" — Bfor some n € N, called the arity of f.

If A= B, then we speak of operations on A.
Notation: F\ := BA", Fag := Uper Fop
O = F) O := Faa

The i-th n-ary projection on A is the operation
pr,(.”): A" A (a1,...,an) — a.

Denote by J4 the set of all projections on A.
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Composition of functions

Let f e J—"é”c), g1,....0n € J-'/(\"B?).
The composition of f with g4, ..., gn is the function
f(G1, .-, gn) € Fo) defined by

f(g1,-..,9n)(@) :==f(g1(a), ..., gn(a)).

Example

f:R® = R, f(x1,Xe, X3) = X1 X5 + 4X3
g R =R, g1(x1, %) = X1 +2x2
G2: RZ SR, go(x1, X2) = 3X1 X
g RE =R, ga(xi,x) =5

f(91, 92, 93) (X1, X2) = (X1 +2x2)(3x1%2)> + 4 - 5
= 9x$x5 + 18x2x3 + 20
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Function class composition

Let F C Fge, G C Fas.
The composition of F with G, denoted by FG, is defined as

FG = {f(g'la"'vgn) | n,m€N+, fe F(n)a g1,...,0n € G(m)}
Although the composition of functions is associative, function class
composition is not. We only have

(FG)H C F(GH).
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Clones

A cloneisaclass C C O4suchthatJs € Cand CC C C.

Ja denotes the class of all projections on A.

The set of all clones on A constitutes a closure system, i.e.,
@ O, is aclone,

@ arbitrary intersections of clones are clones.

For F C Og4, denote by (F) the clone generated by F.

E. Lehtonen (Khalifa University) Clonoids ICYAT 2026 7/63



Clones

Examples of clones:
@ Op
Q@ Ja
@ polynomial operations on R

@ for a partially ordered set (A, <), monotone (order-preserving)
operations

@ essentially at most unary operations on A

@ idempotent operations on A, i.e., operations f satisfying
f(a,...,a)=aforallac A

o for an algebra A = (A, (fj)ic/), the term operations of A
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Clones on {0,1}

Post’s lattice

E. PosST, The Two-Valued lterative Systems of Mathematical Logic, Annals of Mathematical
Studies, no. 5, Princeton University Press, Princeton, 1941.
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(Cy, Co)-clonoids

Let K C Fas.

Let C; be a clone on A (the source clone), and
let C, be a clone on B (the target clone).

K is a (Cyq, C)-clonoid (or a (Cy, C,)-stable class)
if KC; C K and CoK C K.
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(Cy, Co)-clonoids

Let K C Fas.

Let C; be a clone on A (the source clone), and
let C, be a clone on B (the target clone).

K is a (Cyq, C)-clonoid (or a (Cy, C,)-stable class)
if KC; C K and CoK C K.

Special case: (Ja,Jg)-clonoids are called minions or minor-closed
classes.
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Examples of minions

Examples of minions:
@ every clone
@ polynomial operations on R of degree at most d
@ for a partially ordered set (A, <), order-reversing operations
@ threshold functions
e for a€ A, b € B, functions f satisfying f(a,...,a) =b
@ constant operations
@0
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Closure system of (Cy, Cz)-clonoids

For fixed clones C; and Cy, the set of all (Cy, C»)-clonoids constitutes
a closure system, i.e.,

— Fagis a (Cy, Co)-clonoid,

— arbitrary intersections of (Cy, C,)-clonoids are (Cy, C»)-clonoids.

The closure of a set F C Fyg:
(F)c,,c,) = C2(FCy)

Note that (CoF)Cy C Co(FCy).
This holds as an equality if F is a minion.
(Couceiro and Foldes’s Associativity Lemma)

M. COUCEIRO, S. FOLDES, Functional equations, constraints, definability of function classes,
and functions of Boolean variables, Acta Cybernet. 18 (2007) 61-75.
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Polymorphisms and invariant relations

Let f e (’)E\”) and let R C A™.

f preserves R (or f is a polymorphism of R, or R is an invariant of
f), in symbols, f R, if for all (ay;,...,ami)) € R(i€{1,...,n}),

ayy - an f(ai,...,an)
fl : C| = : €R.
ami -+ amn f(@mts---,amn)
Galois connection
Pol(R) :={feOa|VRER: frR}
Inv(F) :={ReRa|VfecF: frR}

The Galois closed sets of operations are the locally closed clones.

V. G. BODNARCUK, L. A. KALUZNIN, V. N. KoTov, B. A. Romov, Galois theory for Post
algebras, I, I, Kibernetika 3 (1969) 1-10, 5 (1969) 1-9 (in Russian); English translation:
Cybernetics 5 (1969) 243-252, 531-539.

D. GEIGER, Closed systems of functions and predicates, Pacific J. Math. 27 (1968) 95—100.
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Polymorphisms and invariant relation pairs

Let f ]—“/(\'g andlet RC A™ S C B™.
f preserves (R, S), in symbols, f> (R, S), if for all (ayj,...,ami) € R

(ie{1,....n}),

ajy -+ an f(an,...,ain)
fl : = : €S.
ami -+ amn f(amt,...,amn)
Galois connection
pPol(R) :={fe Fag|¥(R,S)eR: f>(R,S)}
plnv(F) :={(R,S) € Rag |Vfe F: f>(R,S) }

The Galois closed sets of functions are the locally closed minions.

N. PIPPENGER, Galois theory for minors of finite functions, Discrete Math. 254 (2002) 405—419.

M. COUCEIRO, S. FOLDES, On closed sets of relational constraints and classes of functions
closed under variable substitutions, Algebra Universalis 54 (2005) 149-165.
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(Cy, Co)-clonoids and invariant relation pairs

Theorem (Couceiro, Foldes (2009))

Let A and B be arbitrary nonempty sets, and let Cy and C, be clones
on A and B, respectively. Let F C Fpg.
The following are equivalent.

@ F is alocally closed (Cy, Co)-clonoid.

@ F is definable by some set of relation pairs (R, S), where
RelnvCy and S € Inv Co.

M. COUCEIRO, S. FOLDES, Function classes and relational constraints stable under
compositions with clones, Discuss. Math. Gen. Algebra Appl. 29 (2009) 109-121.
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Constraint satisfaction problems

Let A = (A, (Rj)ics) be a relational structure.
The constraint satisfaction problem (CSP) with template A, CSP(A),
is the following decision problem:

Given a relational structure C of the same type as A, decide whether
there exists a homomorphism C — A.

The following are natural questions:

@ Given a relational structure A, what is the computational
complexity of CSP(A)?

@ For which CSP templates A is CSP(A) solvable in polynomial time
(in P) / nondeterministically in polynomial time (in NP)?

@ Given relational structures A and B, is CSP(A) polynomial-time
reducible to CSP(B)?
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Constraint satisfaction problems

Let A= (A, (R))ic/) and B = (B, (S))ic/) be relational structures of the
same type such that there exists a homomorphism A — B.

The promise constraint satisfaction problem (PCSP) with template
(A,B), PCSP(A, B), is the following decision problem:

Given a relational structure C of the same type as A (and B), decide
whether there exists a homomorphism C — A (answer “yes”) or there
does not exist a homomorphism C — B (answer “no”).

(We don’t care about the situation when there is no homomorphism
C — A but there is a homomorphism C — B. An algorithm solving
PCSP(A, B) is allowed to answer anything in this case.)
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Constraint satisfaction problems

If Pol(A1) C Pol(Az), then CSP(Ay) is reducible to CSP(Ay).

If Pol(A+) has a minion homomorphism to Pol(Az), then CSP(Ao) is
reducible to CSP(A+).

If pPol(A+, B1) has a minion homomorphism to pPol(As, Bz), then
PCSP(Ay, By) is reducible to PCSP(A¢,B1).

P. JEAVONS, On the algebraic structure of combinatorial problems, Theor. Comput. Sci. 200
(1998) 185-204.

A. BuLATOV, P. JEAVONS, A. KROKHIN, Classifying the complexity of constraints using finite
algebras, SIAM J. Comput. 34 (2005) 720-742.

L. BARTO, J. OPRSAL, M. PINSKER, The wonderland of reflections, Israel J. Math. 223 (2018)
363-298.

J. BULIN, A. KROKHIN, J. OPRSAL, Algebraic approach to promise constraint satisfaction,
Proceedings of the 51st Annual ACM SIGACT Symposium on the Theory of Computing
(STOC '19), ACM, New York, 2019. pp. 602-613.

L. BARTO, J. BULIN, A. KROKHIN, J. OPRSAL, Algebraic approach to promise constraint
satisfaction, J. ACM 68 (2021) 1-66.
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Given clones Cy and C> on sets A and B, respectively,
what are the (Cy, Co)-clonoids?

What is the number of (Cy, Cy)-clonoids?
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Given clones C; and C, on finite sets A and B, respectively,
what are the (Cy, Co)-clonoids?

What is the number of (Cy, Cy)-clonoids?
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Given clones Cy and C, on {0, 1},
what are the (Cy, Co)-clonoids?

What is the number of (Cy, Cy)-clonoids?
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Cardinality of the lattice of clonoids

Theorem (Sparks 2019)

Let A be a finite set with |A| > 1, and let B := {0,1}. Denote by Ja the

clone of projections on A, and let C be a clone on B. Then the
following statements hold.

Q L, c) Is finite if and only if C contains a near-unanimity operation.

Q L, c) is countably infinite if and only if C contains a Mal'cev
operation but no majority operation.

Q Ly, c) has the cardinality of the continuum if and only if C

contains neither a near-unanimity operation nor a Mal’cev
operation.

A. SPARKS, On the number of clonoids, Algebra Universalis 80(4) (2019) Paper No. 53, 10 pp.
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Cardinality of the lattice of (J4, C)-clonoids

uncountable



Cardinalities of (Cy, Cz)-clonoid lattices

Vor,V]  [MUZ,MU=] Ug U=
WA 19900 [Aer, AT [MWGT, MW™=] W55 W™ [Loy, L] [{SM, MU, MW}, Q]

J U u U u u u E F
lo, 11 ? ? ? ? 72 ? 2
[ ? ? ? ? 7 2 ? ?
I* ? ? 2 ? 7 2 ? 2
Q1) ? ? ? ? 72 ? ?
Voi, ot ? ? ? ? 7 2 ? 2
Vou, Aut ? ? ? ? 72 ? ?
V.1, Ao ? ? ? ? 72 ? ?
V, A ? ? 2 ? 7 7 ? 2
MUK, MWE 2 ? ? ? 72 ? ?
MUK, MWK 2 ? ? ? 7 2 ? 2
Uk, , WE, ? ? ? ? 72 ? 2
Uk, Wk ? ? ? ? 72 ? ?
Lot ? ? ? ? 7 7 ? 2
Los, Lut ? ? ? ? 72 ? ?
LS ? ? ? ? 7 2 ? ?
L ? ? ? ? 22 ? 2
M ? ? ? ? 72 ? ?
Mo, M] ? ? ? ? 7 2 ? 2
[So1, ] ? ? ? ? 72 ? 2
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Applying monotonicity of function class composition

Let Cy, Cj, Cs, C, be clones such that Cy C C} and C, C C..

It follows from the monotonicity of function class composition that
every (Cf, C,)-clonoid is a (Cy, Cz)-clonoid.

(Proof. Assume K is a (Cj, C;)-clonoid. Then KCy € KC{ C K and
CoK C CLK C K, so Kis a (Cy, Cy)-clonoid. )
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Applying monotonicity of function class composition

Let Cy, Cj, Cs, C, be clones such that Cy C C} and C, C C..

It follows from the monotonicity of function class composition that
every (Cf, C,)-clonoid is a (Cy, Cz)-clonoid.

(Proof. Assume K is a (Cj, C;)-clonoid. Then KCy € KC{ C K and
CoK C CLK C K, so Kis a (Cy, Cy)-clonoid. )

Assume the (Cy, Cs)-clonoids are known.

In order to determine the (Cj, C)-clonoids, it suffices to identify them
among the (Cy, Co)-clonoids.
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Cardinalities of (Cy, Cz)-clonoid lattices

Vor,V]  [MUZ,MU=] Ug U=
WA 19900 [Aer, AT [MWGT, MW™=] W55 W™ [Loy, L] [{SM, MU, MW}, Q]

J U u U u u u E F
lo, 11 ? ? ? ? 72 ? 2
[ ? ? ? ? 7 2 ? ?
I* ? ? 2 ? 7 2 ? 2
Q1) ? ? ? ? 72 ? ?
Voi, ot ? ? ? ? 7 2 ? 2
Vou, Aut ? ? ? ? 72 ? ?
V.1, Ao ? ? ? ? 72 ? ?
V, A ? ? 2 ? 7 7 ? 2
MUK, MWE 2 ? ? ? 72 ? ?
MUK, MWK 2 ? ? ? 7 2 ? 2
Uk, , WE, ? ? ? ? 72 ? 2
Uk, Wk ? ? ? ? 72 ? ?
Lot ? ? ? ? 7 7 ? 2
Los, Lut ? ? ? ? 72 ? ?
LS ? ? ? ? 7 2 ? ?
L ? ? ? ? 22 ? 2
M ? ? ? ? 72 ? ?
Mo, M] ? ? ? ? 7 2 ? 2
[So1, ] ? ? ? ? 72 ? 2
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MUK, MWE 2 ? ? ? 72 ? F
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Uk, , WE, ? ? ? ? 72 ? F
Uk, Wk ? ? ? ? 72 ? F
Lot ? ? ? ? 7 7 ? F
Los, Lut ? ? ? ? 72 ? F
LS ? ? ? ? 7 2 ? F
L ? ? ? ? 22 ? F
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Cardinality of the lattice of (J4, C)-clonoids
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(

J, Lo1)-clonoids

E. Lehtonen (Khalifa University)

Q := all Boolean functions

Qu = {fe Q| 0) = a}
Qo= {feQ|f(1)=b}
Qab = Qa*mQ*b

Q= {feQ|f(0)=f1)}
0, = {fcQ|f(0)£1(1)}
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(J, Lo1)-clonoids

Zhegalkin polynomial of f: {0,1}" — {0,1}: > x5, xs:=]]x
SeMy ieS

degree of f:  deg(f) := éne;?\;(f\S]

characteristic rank of f: x(f) := deg(f + ") + 1

ForijeN: Dj:={fecQldeg(fi<i} X;:={fecQ|x(f)<j}

Lemma (Selezneva, Bukhman (2016))

A Boolean function is reflexive if and only if x(f) = 0.
A Boolean function is self-dual if and only if f + xq is reflexive.

A Boolean function is self-dual if and only if f is odd and x(f) = 1.

S. N. SELEZNEVA, A. V. BUKHMAN, Polynomial-time algorithms for checking some properties of
Boolean functions given by polynomials, Theory Comput. Syst. 58 (2016) 383—-391.
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(J, Lo1)-clonoids

Ny classes

M. COUCEIRO, E. LEHTONEN, Stability of Boolean function classes with respect to clones of
linear functions, Order 41 (2024) 15-64.
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Proving that £, ¢,) is finite or countably infinite

A typical proof of a result describing £ ¢, ¢,) has three parts:
@ Find the (Cy, Co)-clonoids.

This requires some creativity and iterations when the 3rd step
doesn’t seem to work.

© Show that these classes are indeed (Cy, Cy)-clonoids.

This is straightforward verification. It suffices to do this for the
meet-irreducible classes.

© Show that there are no further (Cy, Co)-clonoids.

This is hard work. We show that for each class K is generated by
any subset of K that is not contained in any lower cover of K (as
suggested by the given list of classes).
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Cardinalities of (Cy, Cz)-clonoid lattices

Vor,V]  [MUZ,MU=] Ug U=
WA 19900 [Aer, AT [MWGT, MW™=] W55 W™ [Loy, L] [{SM, MU, MW}, Q]

J U u U u u u © F
lo, 11 ? ? ? ? 72 ? F
[ ? ? ? ? 7 2 ? F
I* ? ? 2 ? 7 2 ? F
Q1) ? ? ? ? 72 ? F
Voi, ot ? ? ? ? 7 2 ? F
Vou, Aut ? ? ? ? 72 ? F
V.1, Ao ? ? ? ? 72 ? F
V, A ? ? 2 ? 7 7 ? F
MUK, MWE 2 ? ? ? 72 ? F
MUK, MWK 2 ? ? ? 7 2 ? F
Uk, , WE, ? ? ? ? 72 ? F
Uk, Wk ? ? ? ? 72 ? F
Lot ? ? ? ? 7 7 ? F
Los, Lut ? ? ? ? 72 ? F
LS ? ? ? ? 7 2 ? F
L ? ? ? ? 22 ? F
M ? ? ? ? 72 ? F
Mo, M] ? ? ? ? 7 2 ? F
[So1, ] ? ? ? ? 72 ? F
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u u U u u @ F

lo, Iy ? ? ? ? ? 9 @ F

I ? ? ? ? 7 2 E F

I* ? ? 2 ? ?2 2 @ F
Q1) ? ? ? ? 72 © F
Vor, Aot ? ? ? ? 2 9 F F
Vou, At ? ? ? ? ?2 9 F F
V.1, Ao ? ? ? ? 7 9 F F
V, A ? ? 2 ? ?2 9 F F
MUK, MWE 2 ? ? ? ? 9 F F
MUK, MWK 2 ? ? ? ?2 9 F F
Uk, , WE, ? ? ? ? ? 9 F F
Uk, Wk ? ? ? ? ?2 9 F F
Lot ? ? 2 ? ? 9 @ F
Los, Lot ? ? ? ? 72 © F
LS ? ? ? ? 7 2 @ F

L ? ? ? ? ? 9 E F

M ? ? ? ? 72 9 F F
Mo, M] ? ? ? ? 2 9 F F
[So1, ] ? ? ? ? ? 9 F F
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(J, SM)-clonoids

< ={feQ|f0)<f(1)}
Qs == {feQ|£0)> (1)}
Q00 1= 2 U Qoo
Q11 = QU Q44
Q. UC Q4UC QoUC . UC
S ={feQ|va: f(a)af(a)=0}
ST:={feQ|va: f(a)vi@ =1}
M:={feQ|vab:a<b= f(a) <f(b)} monotone)

(minorant of self-dual)
(
(
M:={feQ|vVa,b:a<b=f(a)>f(b)} (antitone)
(
(

majorant of self-dual)

U?:={feQ|vab: f(a)=f(b)=1=anb#0} (1-sep.of rank 2)
W2 .= {feQ|Vab: fla)=f(b)=0=avb+#1}
U2:={feQ|vab:flay=fb)=0=arb#0}
W2.={fecQ|vab:fla)=fb)=1=avb#1}
R:={feQ|Vva: f(a)=1f(a)} (reflexive)

0-sep. of rank 2)
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(J, MUE, )-clonoids, k > 2
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(J, MUE, )-clonoids

UK for some ©

(k,Q1.)-closed
(k,M)-closed

)_
(k,Q.1)-closed
(k,M)-closed

(k,R)-closed

A schematic Hasse diagram of the poset of (J, MU, )-clonoids.
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(J, MUE, )-clonoids

For k € N with k > 2, the (J, MU¥,)-clonoids are the following:
@ U foreach © c 1d(QI=H),
@ UX N (Q01UCo) and UK N Qo for each nonempty © € Id(QE’fl),

@ UK N (10U Co) and Ul N Q4o for each nonempty © € 1d(25:),
@ UL N Mo, and UK N My for each nonempty © e 1d(QL=),

@ U N M.y and US N My for each nonempty © € Id(Q[mgk]),

@ UL N Roo for each nonempty © € Id(Q[Rﬁk])!

Q@ Q<. 05,90, 90, UC, QoUGC, Q,UC, Q2,1 UC, Qo UC, Qo1 UC,

Q4o UG, Q41 UG, Qo1 UCq, Q10 UCq, iy, Qut, 241, M, Mg, M,
M., R, Roo UC, Ry1 UG, Ry4, C, Cy.
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(C,J)-clonoids

Sparks’s theorem deals with (J, C)-clonoids.

How about (C, J)-clonoids?
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C-minors

Letf: A” — B, g: A7 — B. Let C be a clone on A. We say that f is a
C-minor of g, and we write f <¢ g, if f € {g}C, i.e., there exist
hi,...,hm e C) suchthat f = g(hy, ..., hp).

The C-minor relation <. is a quasiorder on Fxg.

Note that {g}C = Jg({9}C) = (9)(c Jp)
Therefore, f <c g if and only if f € (g)(c 4p)-

Consequently, (C, Jg)-clonoids are precisely the downsets of the
C-minor quasiorder <.

E. LEHTONEN, Descending chains and antichains of the unary, linear, and monotone subfunction
relations, Order 23 (2006) 129—-142.

E. LEHTONEN, A. SzENDREI, Equivalence of operations with respect to discriminator clones,
Discrete Math. 309 (2009) 673-685.

E. LEHTONEN, J. NESETRIL, Minor of Boolean functions with respect to clique functions and
hypergraph homomorphisms, European J. Combin. 31 (2010) 1981-1995.
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Cardinality of the lattice of (C, J)-clonoids

Let C be a clone on {0,1}, and let J be the clone of projections on
{0, 1}. Then the following statements hold.

Qo Lc,y) is finite if and only if C contains the discriminator function.
Q L) is countably infinite if and only if (A,V) € C C (A, V,0,1).
Q L(c ) has the cardinality of the continuum otherwise.
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Cardinality of the lattice of (C, J)-clonoids

finite
countable
A
Ay
Qzﬁ‘f/' uncountable

X7

Lk
AN
AN




Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u u U u u @ F

lo, Iy ? ? ? ? ? 9 @ F

I ? ? ? ? 7 2 E F

I* ? ? 2 ? ?2 2 @ F
Q1) ? ? ? ? 72 © F
Vor, Aot ? ? ? ? 2 9 F F
Vou, At ? ? ? ? ?2 9 F F
V.1, Ao ? ? ? ? 7 9 F F
V, A ? ? 2 ? ?2 9 F F
MUK, MWE 2 ? ? ? ? 9 F F
MUK, MWK 2 ? ? ? ?2 9 F F
Uk, , WE, ? ? ? ? ? 9 F F
Uk, Wk ? ? ? ? ?2 9 F F
Lot ? ? 2 ? ? 9 @ F
Los, Lot ? ? ? ? 72 © F
LS ? ? ? ? 7 2 @ F

L ? ? ? ? ? 9 E F

M ? ? ? ? 72 9 F F
Mo, M] ? ? ? ? 2 9 F F
[So1, ] ? ? ? ? ? 9 F F
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo. I4 U ? 2 ? 2 2 @ F

[ U ? ? ? 2 2 E F

I* U ? 2 ? ?2 2 @ F
Q1) U ? 2 ? 2 2 @ F
Voi, Aot U ? ? ? 22 F F
Voo, At U ? 2 ? 2 2 F F
V.1, Now U ? ? ? 2 2 F F
V, A U ? 2 ? 27 F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Los, Lut u ? ? ? 2 2 @ F
LS U ? ? ? ? 2 E F

L U ? 2 ? 2 2 @ F

SM U ? ? ? 2 2 F F
[Mor,M] E ? ? ? 22 F F
[Sot, € F ? 2 ? 2 2 F F
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
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Voo, At U ? 2 ? 2 2 F F
Vor, Ao U ? ? ? 2 2 F F
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MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ? 2 E F

L U ? 2 ? 2 2 @ F

SM U ? ? ? 2 2 F F
[Mor,M] E ? 2 ? 7 2 F F
[Sot, € F F F F F F F F
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Alternation number of a Boolean function

Let f: {0,1}" — {0,1}.
P(f, <) = ({0,1}", <", 1)

The alternation number of f, denoted by Alt(f), is the length of the
longest alternating 2-chain in P(f, <), where < is the chain 0 < 1.

A= {feQ|Al(f) =k} ASK .= {feQ|Alt(f) < k}
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(C, J)-clonoids for C € {Mo1, Mo., M1, M}
Theorem |

@ The (M, J)-clonoids are the sets 0, Q, A}, = Co, A%, = Cy, ASK,
ASTTUASK, and AT U ASK for k € N.

Q@ The (M., J)-clonoids are the sets of the form AU B, where
Ac{0,9.U{Af | keN}, Be {0} U{Af|keN]}.
© The (M,4,J)-clonoids are the sets of the form AU B, where
Ac 0,90} U{AS |keN}, Be{,Qq}U{AS|keN]}.
©Q The (Mo4,J)-clonoids are the sets of the form AU BU CU D, where

Ac (0,0} U{ASS | ke N}, Be{0,Qu}U{As|keN},
Ce {0,211} U{AS |keN}, De {0 Qo U{AY|keN}.
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(C,J)-clonoids for C € {Mpy, Mo, M,.1, M}

Q
o
As? Q00 Qo1 Q1 Q10
Afy UAS! AT UAST L L L .
A<t : : : :
A UA? Al UA? Ap e  AGe  ATe  AY
A°=C Agoz x Agﬁ x Aff x Awgos
Ao =Co Aly =G Agoo Aé‘ Awéwo Awéo1
0 0 0 0 0
(M, J)-clonoids (Mo1, J)-clonoids
Q Q
/.\ /.\

(Mo, J)-clonoids (M..1,J)-clonoids

Clonoids ICYAT 2026 45/63
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(C1, Cz)-clonoids for Mg1 € C1 C M, Co C Q(1)

Proposition

@ Forclones Cy € {M,Mg,,M.1,Mo1},
e the (Ci,lo)-clonoids are () and those (Cy,J)-clonoids K with

Co = AgO CK,

e the (Cy,l1)-clonoids are ) and those (C;,J)-clonoids K with
Ci = A?1 CK,

e the (Cy,1)-clonoids are () and those (C;,J)-clonoids K with
C=A'CK.

@ Forclones Cy € {M,My.,M,1} and C, € {I*,Q(1)}, the (Cy, Cz)-clonoids
are the sets ), Q, A<K, for k € N.

© The (My4, I*)-clonoids are the sets of the form AU B, where
Ac{0,Q-} U{AS UAS ke N}, Be (0,0, U{AS UASS | ke N}

© The (Myy,Q(1))-clonoids are () and the sets of the form AU B, where
Ac{QYU{AS UAS |keN}, Be{0,9 U{ASUAS |keN}.
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo. I4 U ? 2 ? 2 2 @ F

[ U ? ? ? 2 2 E F

I* U ? 2 ? ?2 2 @ F
Q1) U ? 2 ? 2 2 @ F
Voi, Aot U ? ? ? 22 F F
Voo, At U ? 2 ? 2 2 F F
Vor, Ao U ? ? ? 2 2 F F
V, A U ? 2 ? 27 F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ? 2 E F

L U ? 2 ? 2 2 @ F

SM U ? ? ? 2 2 F F
[Mor,M] E ? 2 ? 7 2 F F
[Sot, € F F F F F F F F

E. Lehtonen (Khalifa University) Clonoids ICYAT 2026 47/63



Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo. I4 U ? 2 ? 2 2 @ F

[ U ? ? ? 2 2 E F

I* U ? 2 ? ?2 2 @ F
Q1) U ? 2 ? 2 2 @ F
Voi, Aot U ? ? ? 22 F F
Voo, At U ? 2 ? 2 2 F F
Vor, Ao U ? ? ? 2 2 F F
V, A U ? 2 ? 27 F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ? 2 E F

L U ? 2 ? 2 2 @ F

SM U ? ? ? 2 2 F F
[Mo1, M] B E 2 ? 7 2 F F
[Sot, € F F F F F F F F
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Example: (M1, Lo1)-clonoids

Proposition

There are precisely 15 (M1, Lo1)-clonoids, and they are the following:
Q, Qov, D14, Qu0s i, Q=, Qz, Qoo, Qo1, L10, 41, C, Co, Cy, 0

E. Lehtonen (Khalifa University)
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Example: (Mp1, SM)-clonoids

Proposition

There are precisely 39
(Mo1, SM)-clonoids, and
they are the following:
Q, Q<, 0>, Qz00, 11,
QO* U C1: Q*O UC1:

Q1. UCop, Q.1 U Co, Qo
Q.05 Q14 i1, Q=, Q,
Qo1 U C, Qi U C,

Q01 U Co, 210 U Co,

Q01 U Cy, Q10 UGy,

Qoo U Cy, 211 U Co, Qoo,
Q11, Qo1, 10, M, Mo,
M.1, Mo1, M, Mo, My,
Mjq, C, Co, C1, 0.
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Example: (Mp1, Vo1)-clonoids

There are precisely 56

(Mo1, Vo1)-clonoids, and they are
the following: 2, Q11 U Cq,
Q_Tx,ﬁ, Qz, QS’ Q—, Qo UGy,
Q.0 U Cyq, 24, UCy, 2,1 UCyp,
Q01 UG, Qo1 U Co, Q01 UGy,

Q10 UC, Q10 U Cp, 210 U Cy,

Q00 U Cy, 211 U Co, Qox, 240,
Qi4, L1, Qo1, Q10, Qo0, 211,
MUMUQ, MUMUAZ,

Mo1 U M1o U 41,

Mo1 UMio UASE, MUAZ,,

Mo U Q4,, Mos U Q44,

M,.1 UA%,MUA%,M*Q U Q,1,
M. UQ11, My, UAZ,, Moy U Q1
Mo1 U 41, Myp U Q4q, My U244,
M, MO*: M*h M01: M: M*O; M1*y

My, A2, UC, A, C, Co, Cy, 0.
<

E. Lehtonen (Khalifa University)

Proposition

There are precisely 56 (My1, Ao1)-clonoids, and they are
the duals of the (Mo+, Vo1)-clonoids.
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Example: (So1, Vo1)-clonoids

There are precisely 123 (So1, Vo1)-

clonoids. They are precisely the
classes

Q, QSUS+, 92US+,
QS’ Qz, Qo+ U S+, Q.o U S+,
Qo+ U C1, Q.o U C~|, Qos,  Qso,

\V \\\ \\‘\“3}\\
n“‘ ‘\\\\\“‘\\\

Q211 URo0, Q211 UC0,  Q2p1, h ‘*t\\\ ‘\Q:t%'g\‘lﬁ\""
S*UR, R ‘“‘\\\\‘“\\\\

V
‘\g\\““\:q\\\\kv X
" “\\ 1\
m

=

and their intersections.
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo. I4 U ? 2 ? 2 2 @ F

[ U ? ? ? 2 2 E F

I* U ? 2 ? ?2 2 @ F
Q1) U ? 2 ? 2 2 @ F
Voi, Aot U ? ? ? 22 F F
Voo, At U ? 2 ? 2 2 F F
Vor, Ao U ? ? ? 2 2 F F
V, A U ? 2 ? 27 F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ? 2 E F

L U ? 2 ? 2 2 @ F

SM U ? ? ? 2 2 F F
[Mo1, M] B E 2 ? 7 2 F F
[Sot, € F F F F F F F F
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo, I U ? 2 ? 2 2 @ F

[ U ? ? F F F B F

I* U ? 2 ? 27 @ F
Q(1) U ? ? F F F @ F
Vor, Aot U ? ? ? 2 2 F F
Vou, Aut U ? 2 F F F F F
V.1, Aos U ? ? ? 2 2 F F
V, A U ? 2 F F F F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ?2 2 © F

L U ? 2 F F F @ F

SM U ? ? ? 2 2 F F
[Mo1, M] B E F F F F F F
[Sot, € F F F F F F F F

E. Lehtonen (Khalifa University) Clonoids ICYAT 2026 52/63



Uncountable clonoid lattices

For clones Cy and C», such that C; C Ky and C> C K, for some

(K, K2) € {(€2(1),Q(1)), (1), A), (2(1), V), (I, UZ), (I, W),
lo, U™®), (11, U%), (lo, W), (I, W=), (L, (1)),
AN, (V) (VL A), (V. V), (A, Q1)) (V. 2(1)),

L, A), (Los, U™), (Li1, U™), (LS, U%),

L, V), (Lo, W), (Ler, W), (LS, W)}

(
(
(
(
(

there are an uncountable infinitude of (Cy, C>)-clonoids.

E. LEHTONEN, Clonoids of Boolean functions with essentially unary, linear, semilattice, or 0- or
1-separating source and target clones. arXiv:i2412.01107
E. LEHTONEN, Clonoids of Boolean functions with a linear source clone and a semilattice or 0- or
1-separating target clone. arXiv:2504.04481
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Uncountable clonoid lattices

Proof idea

We exhibit a countably infinite family F of functions with the property
thatforall S, T C F, <S>(C1702) = <T>(C1702) ifandonly if S=T.
Because the power set of a countably infinite set is uncountable, it
follows that there is an uncountable infinitude of (Cy, Cy)-clonoids.
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Uncountable clonoid lattices

Proof idea

We exhibit a countably infinite family F of functions with the property
thatforall S, T C F, <S>(C1702) = <T>(C1702) ifandonly if S=T.
Because the power set of a countably infinite set is uncountable, it
follows that there is an uncountable infinitude of (Cy, Cy)-clonoids.

One of the following families of functions does the job in each case.
@ f,: {0,1}" — {0,1}, fa(@) = 1 iff w(a) € {1,n—1}
@ gn: {0,1}"— {0,1}, gn(a) = 1 iff w(a) € {1, n}
@ 5n: {0,1}" — {0,1}, Ba(a) =1 iff w(a) € {1,2,n}
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Uncountable clonoid lattices

Proof idea

We exhibit a countably infinite family F of functions with the property
thatforall S, T C F, <S>(C1702) = <T>(C1702) ifandonly if S=T.
Because the power set of a countably infinite set is uncountable, it
follows that there is an uncountable infinitude of (Cy, Cy)-clonoids.

One of the following families of functions does the job in each case.
@ f,: {0,1}" — {0,1}, fa(@) = 1 iff w(a) € {1,n—1}
@ gn: {0,1}"— {0,1}, gn(a) = 1 iff w(a) € {1, n}
@ 5n: {0,1}" — {0,1}, Ba(a) =1 iff w(a) € {1,2,n}

For the sake of illustration, let us look more carefully into the situation
when (Cy, Co) = (L, A).
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Uncountable clonoid lattices

For n € NT, define 8,: {0,1}" — {0, 1} by the rule 3,(a) = 1 if and
only if w(a) € {1,2, n}.

For NCN,let By :={8n,|neN}.

Let N be the set of odd integers greater than 6. Let S C N and m € N.
We have 3m € (Bs)(La) ifand only if m € S.

.

Sufficiency.
It m e S, then clearly 5, € Bs C (Bs)(c,,c,) for all clones Cy and Cs.

(Continued on next slide.)
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Uncountable clonoid lattices

Let m and n be odd integers greater than 6, and assume that
Bm < v =pBnod,wheredg = (g1,...,9n): {0,1}" — {0, 1} with
g1,...,9n € L such that (8,09)(0) =0. Then m= n.

Proof of the Claim. A combinatorial argument with a sprinkle of
algebra, too lengthy to present here.
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Uncountable clonoid lattices

Proof of the Lemma (continued)

Necessity.
Assume By € <Bs>(|_,/\) = /\(Bs L)

Then Bm = Ai_; ~i for some k € N*, where, for i € [K], v = B, 0 @',
where nj € Sandd' = (g5,...,95,) forsome gi,...,g;, € L.

We have 3, < ; for all i € [k], and for every a € 3, (0), there exists
an i € [k] such that ~;(a) = 0.

In particular, there is a j € [k] such that ~;(0) = 0, that is,
(Bn, © 9)(0) = 0.
By our Claim, m = n;, some€ S. O
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vor,V]  [MUg5,MU>]  Ugs U=
W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]

J U u U u u u © F

lo, I U ? 2 ? 2 2 @ F

[ U ? ? F F F B F

I* U ? 2 ? 27 @ F
Q(1) U ? ? F F F @ F
Vor, Aot U ? ? ? 2 2 F F
Vou, Aut U ? 2 F F F F F
V.1, Aos U ? ? ? 2 2 F F
V, A U ? 2 F F F F F
MUK, MWK U ? 2 ? 2 2 F F
MUK, MWK U ? ? ? 2 2 F F
Uk, , WE, U ? 2 ? 2 2 F F
Uk, Wk U ? ? ? 2 2 F F
Lot U ? 2 ? 27 © F
Lo, Lut u ? 2 ? 2 2 @ F
LS U ? ? ? ?2 2 © F

L U ? 2 F F F @ F

SM U ? ? ? 2 2 F F
[Mo1, M] B E F F F F F F
[Sot, € F F F F F F F F
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Cardinalities of (Cy, Cz)-clonoid lattices

[Vo1,V]  [MUg,MU>] Ug U>

W 179M] [Aor, Al [MWG7, MW>] Wgy W™ [Lor, L] [{SM,MUF;, MW, }, Q]
J u u u u u u ¢ F
lo, h u u u u u u ¢ F
[ u u u F F F ¢ F
I u u u u u u ¢ F
(1) u u u F F F ¢ F
Voi, Aot U u u u u u F F
Vo, Ay U u u F F F F F
Vi, Ao U u u u u u F F
v, A u u u F F F F F
MUK, MWE, U u u u uw m r F
MUK, MWK U u u u u u F F
Uk, WE U u u u u u F F
Uk Wk U u u u u u F F
Loy u u u u u u ¢ F
Lol U u u u u u ¢ F
Ls u u u u u u ¢ F
L u u u F F F ¢ F
SM u u u u u u F F
Mo, M]  C € F F F F F F
[So1,9] F F F F F F F F
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Cardinalities of (Cy, Cz)-clonoid lattices

Let Cy and C; be clones on {0,1}. Then the lattice L c, c,) of
(Cy, Co)-clonoids is

@ finite if Cy O Ky and C> O K, for some

(K1, K2) € {
{

(J,MUK) |2 <k <oo}U{(J,MWE)|2<k <oo}U
(J, SM), (I, MUgy), (I, MWg3), (Aot Lot ), (Vo1, Lot),
(Vo., MUg3), (Vox, MWg7), (Asr, MUGT ), (At MWG),
(Mo1,Mo1), (Mo1, Vo1), (So1,J) };

@ countably infinite if Cy € [J,L] and Cs € [Lo1, L] or Cy € [Mgq, M]
and C; € [J,Q(1)];

@ uncountable otherwise.
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Cardinalities of (Cy, Cz)-clonoid lattices

2</{< oo

Vo1, V] [MUGY, U] [{SM, MU, ,

UM [Aoi, Al [MWEP, W] [Loy, L] MW, }, €
[, {Low, Lus, LS} (U U U o F
Ly U u F c F
[{/\01,V017SM},{U2,W2}] ] ] 8] F F
[As1, AL [Vos, V] U U F F F
[Mo1, M] C F F F F
[Sor.Q] F F F F F
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Open problems

@ Generalize these results for clonoids on arbitrary (finite) base sets.
(See the work by S. Kreinecker, S. Fioravanti, P. Mayr, P. Wynne.)

@ Find necessary and sufficient conditions for the finiteness of the
lattice of (Cy, Co)-clonoids.
(The “uniform generation by minors” by S. Fioravanti,
M. Kompatscher, B. Rossi gives a sufficient condition.)

@ Find simple relational descriptions for clonoids.
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The End

Thank you for your attention!
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